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SYNOPSIS. Why do some animals swim by rowing appendages back and forth while others fly by flapping
them up and down? One hypothesis suggests the answer lies in the sharply divergent physical environments
encountered by small, slow animals, and large, fast animals. Flapping appendages allow large animals to
move through a fluid environment quickly and efficiently. As size and speed decrease, however, viscous drag
increasingly dominates the force balance, with negative consequences for both rowing and flapping append-
ages. Nevertheless, comparative data suggest that flapping does not occur in animals at Reynolds numbers
(Re) less than about 15. I used a computer simulation experiment to address the question, ‘‘Below what Re
is rowing more effective than flapping?’’ The simulation, which employed a simple quasi-steady, blade-
element model of virtual oscillating appendages, has several important results. First, the mechanical effi-
ciency of both rowing and flapping decrease dramatically with scale. Second, the performance of rowing
can increase substantially by taking advantage of several dynamic shape modifications, including area and
span reduction during the recovery stroke. Finally, the relative performance of rowing and flapping is
dependent on the advance ratio, which is a function of the travel speed relative to the oscillation frequency.
The model predicts that rowing is more efficient than flapping at Re , 20 for animals moving throughout
the range of typically observed advance ratios.

INTRODUCTION

The dynamic shape of propulsive appendages in an-
imals that swim or fly varies from a rowing (or pad-
dling) motion that is largely parallel to the direction
of travel to a flapping motion that is largely normal to
the direction of travel. Rowing and flapping occur in
diverse taxonomic groups, including at least three dif-
ferent phyla, and have independently evolved numer-
ous times. Why do some animals row while others
flap? Several explanations have been proposed (Fish,
1993, 1996; Vogel, 1994; Walker and Westneat, 2000)
but this paper focuses on one, the scaling hypothesis,
which suggests that because of the increasing domi-
nance of viscous forces relative to inertial forces at
small scales, small, slow animals should row their ap-
pendages because rowing appendages can exploit vis-
cous forces to generate thrust while flapping append-
ages cannot (Horridge, 1956; Bennett, 1972; Daniel
and Webb, 1987).

The consequences of the physical properties of flu-
ids on locomotor performance are highly scale depen-
dent. For the purpose of biological fluid dynamics,
scale is represented by the dimensionless Reynolds
number (Re), a ratio that reflects the influence of in-
ertial relative to viscous forces. Biologically inspired
discussions of Re are found in Denny (1988) and Vo-
gel (1994). Re is computed by Re 5 LU/y, where L is
some relevant length, U is the velocity of the fluid
relative to the object, and y is the kinematic viscosity
of the fluid. The Re that I will discuss are in the range
1 to 100, which is biologically intermediate but will
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be referred to as low, since they are at the low end of
the intermediate range (Daniel and Webb, 1987; Dan-
iel et al., 1992). Re above 100 will be referred to as
high, simply for convenience. For comparison, the Re
of the hand of an Olympic athlete swimming the
breaststroke at 1.67 m/sec is 1.4 3 105 in fresh water
but only 5 in corn syrup.

To understand the problem of generating thrust from
an oscillating appendage at low Re, it is useful to re-
view the function of airfoils at high Re. At high Re,
an airfoil that is tilted, or pitched, relative to the on-
coming fluid (air or water) experiences a resultant
force that is largely normal to its surface (Fig. 1). Lift
is the component of the resultant force that is normal
to the flow while drag is the component parallel to the
flow. The angle of the airfoil relative to the flow is the
angle of attack. At small attack angles, the fluid
smoothly flows over the leading edge of the airfoil but
separates from the surface near the trailing edge. The
separation creates a small region of low pressure that
sucks in passing fluid creating an unstable vortex that
eventually sheds into the wake. Above a threshold at-
tack angle (128–188), the fluid separates from the sur-
face of the airfoil as it passes the leading edge creating
a large leading edge vortex (Freymuth, 1988; Dickin-
son and Götz, 1993; Dickinson, 1996). The leading
edge vortex is not simply a phenomenon of human
engineered airfoils but, in fact, has been verified on
the flapping wings of the hawkmoth Manduca sexta
(Ellington et al., 1996). After a short time, the leading
edge vortex grows to an unstable size and sheds into
the wake. The resultant force includes a component
due to the bound circulation and a component due to
the presence of the vortex itself; consequently, the re-
sultant force is larger than that expected given the
bound circulation alone (Dickinson and Götz, 1993).
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FIG. 1. Aerodynamic forces on flapping plate at different scales. The plate is translating to the left with speed, U, flapping down with speed
Vflap, and rotating clockwise about a point near its leading edge, resulting in the tangential velocity at the center of pressure, Vrot. In (A) the
plate is pitched 308 and the scale is high Re. Thrust, T, has a small angle to lift, L, hence the thrust is ‘‘lift-based.’’ (B) has the same kinematics
as (A), only the scale is at low Re. Because of the low CL/CD, the resultant force, F, is tilted back to the trailing edge, resulting in negative
thrust. In (C), the flapping and rotational speeds are the same as in (A) but the plate is pitched 608 and the translational speed is 30% of that
in (A). Despite the low Re, the plate generates positive thrust. Note that the upward force, which is important for flying or negatively buoyant
animals, is due largely to drag, D.

At high attack angles, large vortices separate over both
edges, resulting in a very characteristic signature of
pressure drag, the von Karmen vortex street (Frey-
muth, 1988; Dickinson, 1996). While a stationary air-
foil cannot generate thrust, an oscillating airfoil can if
heaving (the translational movement) and pitching (the
rotational movement) have the correct phase relation-
ship. A heaving and pitching airfoil that generates
thrust creates a signature wake called a reverse von
Karmen vortex street (Freymuth, 1988; Dickinson,
1996; Anderson et al., 1998).

At small angles, when no leading edge vortex is
present, the force due to the bound circulation is the
bound circulatory force. At very high angles of attack,
the presence of the attached vortex is called pressure
drag, since it is largely parallel to the flow. The com-
bined force due to bound circulation and presence of
an attached vortex has no name, although Kuethe
(Kuethe and Chow, 1986) calls the lift component of
this combined force ‘‘vortex lift.’’

Flapping works by generating forces that are largely
normal to the flows over the appendage, hence flap-
ping is often thought of as ‘‘lift-based’’ (Fig. 1). By
pitching the appendage leading edge down on the
down stroke (negative pitch) and leading edge up on
the up stroke (positive pitch), a flapping appendage
can generate thrust throughout the stroke cycle. All
flying animals, regardless of phylum (Arthropoda,
Mollusca, or Chordata) or fluid medium (air or water),
flap with this geometry (although animals flying in air
may reduce upstroke loading, and its drag or negative
lift component, by feathering their wings (Tobalske,
2000)). Flapping works at high Re because, at this
scale, the bound circulatory and vortex forces are large
(Dickinson, 1996).

In rowing, forces are largely parallel to the resultant
flow vector, which is why rowing is often referred to
as ‘‘drag-based,’’ although the acceleration reaction is
also an important component of the thrust balance

(Daniel, 1984). Rowing works by creating an asym-
metry in the stroke geometry. Oscillating the append-
age about a spanwise axis that is directed posterolat-
erally creates an asymmetry that allows the accelera-
tion reaction to generate net thrust (Daniel, 1984).
Feathering the appendage during the recovery stroke
creates an asymmetry that allows larger drag on the
power stroke (felt as thrust at the center of mass) than
recovery stroke. Rowing with a feathered recovery
stroke works at high Re because at this scale the drag
on an appendage that is oriented with its surface nor-
mal to its motion is much higher than the drag on an
appendage that is oriented with its surface parallel to
its motion.

As animals get smaller and move more slowly (that
is, as scale, or Re, decreases), the importance of iner-
tial forces relative to viscous forces on propulsive ap-
pendages decreases, which has three consequences.
First, the bound circulation decreases. Second, viscous
(skin-friction) drag sharply increases. Third, at small
enough scales, fluid passing over an appendage will
fail to separate. The failure to separate not only effects
pressure drag but also circulatory lift because the aug-
mented vortex lift mechanism outlined above is de-
pendent on this separation. As scale decreases, viscous
forces inhibit separation with the consequence that the
additional lift must diminish and, at some unknown
Re, disappear.

At high Re, lift is much higher than viscous drag,
and the resultant force on a flapping appendage will
largely be normal to its surface. As Re falls, lift de-
creases, viscous drag increases and the resultant force
tilts more toward the trailing edge (Fig. 1). The ability
of a flapping appendage to generate thrust from lift,
then, depends on the ratio of lift to drag, which de-
creases dramatically as Re decreases (Fig. 2).

A rowing appendage can potentially exploit the
large viscous forces occurring at low Re (by generating
large skin friction drag on the power but not recovery
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FIG. 2. The change in (A) maximum CL/CD and (B) CD,a590/CD,a50

with scale (Re). Data from Thom and Swart (1940), Dickinson and
Götz (1993) and Shyy et al. (1999).

TABLE 1. Reynolds numbers (Re) for a representative group of animals that row or flap at biologically intermediate Re.*

Name
Common

name
Dynamic

shape Re Source

Bosmina longirostris
Speleonectes lucayensis
Artemia sp.
Gnathophausia ingens
Daphnia magna

water flea
remipede crustacean
brine shrimp
mysid shrimp
water flea

row
row
row
row
row

0.2–3.6
2

2.0–20
64–125

63

(Zaret and Kerfoot, 1980)
(Kohlhage and Yager, 1994)
(Williams, 1994)
(Hessler, 1985)
(Kohlhage, 1994)

Acanthocyclops robustus
Pleuromamma xiphia
Cenocorixa bifida
Encarsia formosa
Clione limacina

copepod
copepod
backswimmer
wasp
sea butterfly

row
row
row
flap
flap

70
350
484

17
81–434

(Morris et al., 1990)
(Morris et al., 1985)
(Blake, 1986)
(Weis-Fogh, 1973)
(Satterlie et al., 1985; Satterlie et al., 1997)

Drosophila melanogaster
Simulium sp.
Ceriagrion melanurum
Vampiroteuthis infernalis
Cymbulia peroni
Callinectes sipididus

fruit fly
black fly
damselfly
vampire ‘‘squid’’
sea butterfly
blue crab

flap
flap
flap
flap
flap
flap

160–220
450
500

160–14,000
1,800–20,000

13,000

(Ennos, 1989)
(Ennos, 1989)
(Sato and Azuma, 1997)
(Seibel et al., 1998)
(Harbison, 1992)
(Plotnick, 1985)

* The Re were computed using the mean or maximum chord and the flapping velocity at the distal tip of the oscillating appendage.

stroke), so we might think that, a priori, rowing is
more effective than flapping at low Re. The problem
with rowing at low Re is the failure of fluid to separate
from the appendage’s surface, with the consequence
that the drag on an appendage oriented at 908 to the
flow is not much more than the drag with the append-
age oriented 08 to the flow (Fig. 2) (Vogel, 1994). Con-
sequently, feathering will not be able to produce the
asymmetry necessary for the rowing appendage to
generate net thrust (Norberg, 1972).

COMPARISON OF ANIMALS THAT ROW AND FLAP AT

INTERMEDIATE RE

While several authors have argued that lift-based
flapping should be ineffective at Re less than 100
(Horridge, 1956; Bennett, 1972; Webb and Weihs,
1986; Daniel and Webb, 1987) the qualitative analysis
above suggests that rowing may not be any better. A
comparison of animals that row or flap can suggest
which dynamic shape, rowing or flapping, is more ef-

fective at low Re (Table 1). The Re values in Table 1
were computed using the mean flapping velocity at the
appendage tip and the mean or maximum chord. The
available data show that rowing occurs throughout the
range of biologically intermediate Re while flapping is
restricted to Re . 10. For neutrally buoyant animals,
the table suggests that flapping is restricted to Re .
100.

The minimum Re for flapping appendages should
be accepted cautiously because there are few data on
the most relevant animals, including fishes, pteropods
and small insects. Large pteropods, including Clione
limacina and Cymbulia peroni, employ the stereotyp-
ical flapping motion to hover and swim across a range
of speeds at Re . 100 (Satterlie et al., 1985, 1997;
Davenport and Bebbington, 1990; Harbison, 1992).
While the best quantitative data are on larger individ-
uals, Morton (1958) illustrated the flapping stroke of
a small C. limacina (wing length less then 1 mm). No
frequency was reported; with a frequency of 5 Hz, the
wings of this small individual would be operating at a
Re of about 15. The wings of the small thecostomatous
pteropod, Limacina retroversus, operate at even small-
er Re, between about 1 and 10 (Walker, unpublished
data). The dynamic shape of the wings of L. retro-
versus has been qualitatively described as having a
vertically oriented rowing motion, with a downward
power stroke and upward recovery stroke, that gen-
erates net upward forces (Morton, 1954).

Because of the small CL/CD at low Re, it has been
suggested that the wings of the smallest flying insects,
including members of the Mymaridae (Hymenoptera),
Trichogrammatidae (Hymenoptera) and Ptiliidae (Co-
leoptera), operate at Re , 10 and move with a modi-
fied ‘‘rowing’’ geometry, perhaps not unlike that of L.
retroversus (Thompson, 1917; Horridge, 1956; Ben-
nett, 1972). While there is no experimental work on
the smallest insects to verify this hypothesis, Weis-
Fogh, (1973) has shown that the tiny wasp Encarsia
formosa (wing length approximately 0.6–0.7 mm),
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which is about 3 to 4 times larger than the smallest
flying insects, flies with a largely dorsoventrally ori-
ented, flapping stroke during both fast forward flight
and hovering. During hovering the Re is about 17
(Weis-Fogh, 1973).

Inferring the relative effectiveness of rowing and
flapping using the comparative data is confounded by
differences in the direction of optimal force produc-
tion. That is, neutrally buoyant animals need only gen-
erate thrust while negatively buoyant animals need to
generate both thrust and upward forces. ‘‘Lift-based’’
flapping is a better geometry for generating the com-
bination of thrust and upward forces, hence pteropods
and tiny insects, both of which are negatively buoyant,
may use a flapping mechanism even though it is more
costly or less effective than a rowing mechanism for
generating thrust at low Re. The data in Table 1 sug-
gest that for nearly neutrally buoyant animals, rowing
is the exclusive propulsive mechanism for oscillating
appendage propulsion at Re , 100.

METHODS OF MORPHOLOGY-PERFORMANCE INFERENCE

The comparative method

How does one test for a causal relationship between
morphology (in this case, the dynamic shape of an
oscillating appendage) and performance (ability to
swim at low Re)? The comparative method, the most
common tool for inferring causal relationships be-
tween morphology and performance, exploits manip-
ulations provided by nature. Unfortunately, nature nei-
ther controls confounding variation nor randomizes in-
dividuals among treatments. High correlations between
morphology and performance may create the illusion
that the focal morphology directly influences perfor-
mance. Indeed, several experimental phenotypic ma-
nipulation studies have failed to support causal hy-
potheses of performance variation based on compara-
tive data (Jayne and Bennett, 1989; Olsson et al.,
2000; Srygley and Kingsolver, 2000; Veasey et al.,
2000).

There are two potential problems with the compar-
ative method for inferring causal relationships between
morphology and performance. First, a morphology that
is a factor may show no correlation because other char-
acters mask its effect (analogous to Type II errors in
statistics). Second, morphologies that have no effect
on performance may be spuriously correlated with per-
formance because of phenotypic correlation with the
actual factors (analogous to Type I errors in statistics).
The first type of error occurs when a trait performs
multiple roles and optimizing the trait for one role de-
creases its performance for another. This is the classic
source of phenotypic trade-offs. Compensation by oth-
er structures may maintain high performance, despite
the locally ‘‘suboptimal’’ morphology (Sinervo et al.,
1991; Endler, 1995; Law and Blake, 1996).

The second type of error occurs because species dif-
fer in numerous traits; some of these affect the per-
formance of interest but most do not. These errors are

most problematic in two species comparisons (Garland
and Adolph, 1994) but even phylogenetically correct,
multi-species comparisons (Garland and Adolph,
1994) do not escape the problem that mechanisms are
inferred from statistical associations (Endler, 1986;
Jayne and Bennett, 1989; Leroi et al., 1994). Inferring
causation from a correlation among many data points
(either individuals within a population or species with-
in a clade) assumes that phenotypic differences other
than the ones relevant to the study are randomized
among the cases and only variables that causally affect
performance will have high correlations with perfor-
mance. Both correlated stabilizing selection within
populations and correlated directional selection among
populations and species could produce spurious cor-
relations.

Despite these cautions, comparative analyses of
morphology and performance are valuable for two rea-
sons. First, because variation among real organisms is
what ultimately needs explaining, an exploratory com-
parative analysis should stimulate both modeling and
phenotypic manipulation experiments. Second, confir-
matory comparative analyses are necessary to test spe-
cific predictions generated by the results of a modeling
or phenotypic manipulation experiment. For example,
a comparison of the behavior of wrasses on the reef
(Bellwood and Wainwright, 2001; Fulton et al., 2001)
and of laboratory measures of swimming performance
among different species of wrasse (Walker and West-
neat, 2002) supported the predictions generated by the
simulation experiment of rowing and flapping fins at
high Re (outlined below).

Phenotypic manipulation experiments

Phenotypic manipulation experiments (Sinervo and
Basolo, 1996) allow a powerful means of inferring
causation between morphology and performance but
are uncommon in the performance literature relative to
comparative analyses. While phenotypic manipulation
should be implemented more frequently, two problems
with phenotypic manipulation experiments that pre-
clude their widespread use are treatments that are un-
ethical and treatments that are impractical or impos-
sible. For example, there are no phenotypic manipu-
lation experiments directly addressing rowing versus
flapping because it is difficult to force an animal to
use one stroke or another. One possibility would be to
measure performance of the same animal at different
Re by manipulating the kinematic viscosity of the fluid
(Fuiman and Batty, 1997; Johnson et al., 1998).

Modeling experiments

Manipulation of modeled phenotypes or physical
environments allow experiments that are unethical, im-
practical, or impossible on real animals. In a virtual,
or software model, the geometry and kinematics of the
morphological structure, as well as the physical envi-
ronment relevant to the dynamics of the system, are
modeled by mathematical functions. Treatments are
experimentally manipulated by modifying these func-
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tions. Simple virtual models can produce results very
quickly, which allows an investigator to explore a
large, densely sampled parameter space (combinations
of treatments). Physical, or hardware, models are made
from nuts and bolts, or anything else that can be pur-
chased from a hardware store. A physical model op-
erates in a real physical environment, so the environ-
ment is not necessarily modeled, although some en-
vironmental manipulations may be used to model the
environment. Treatments are manipulated by modify-
ing the shape of a structure, the software controlling
the hardware’s motion, and the physical environment
(Archer et al., 1979; Kingsolver and Koehl, 1985; Em-
erson and Koehl, 1990; McHenry et al., 1995; Ahlborn
et al., 1997; Anderson et al., 1998; Dickinson et al.,
1999; Kato, 1999). Sometimes only the physical en-
vironment is manipulated, and performance is mea-
sured on a real animal (Farley and McMahon, 1992;
Fuiman and Batty, 1997; Johnson et al., 1998; Chai et
al., 1999). In some cases, environmental manipulations
are a proxy for phenotypic manipulations. For exam-
ple, to make an animal that is moving in a fluid
‘‘smaller’’ or ‘‘larger,’’ one can simply manipulate the
kinematic viscosity of the surrounding fluid (Fuiman
and Batty, 1997; Johnson et al., 1998; Chai et al.,
1999).

VIRTUAL MODEL OF ROWING AND

FLAPPING APPENDAGES

Summary of the model and the high Re experiment

A virtual model of oscillatory appendage propulsion
was recently developed and used in a computer sim-
ulation experiment in order to compare rowing and
flapping performance for appendages operating within
a Re range between about 102 and 106 (Walker and
Westneat, 2000). Two performance variables were es-
timated: the mean thrust over one half or one full
stroke cycle and the mechanical efficiency of the full
stroke cycle. Each appendage was modeled as a rect-
angular plate that articulated with the body at either
908 or 08 relative to the horizontal, depending if it was
a rowing or flapping appendage, respectively. Append-
ages dynamically twisted down their span, which
pitched the distal parts of the appendage relative to the
base. The maximum pitch at any point along the span
is the pitch amplitude and was modeled to vary line-
arly from base to tip. Two rowing kinematics were
investigated. The untwisted rowing appendage rotated
at its base causing the appendage to oscillate as a stiff
plate. During the recovery stroke, the appendage
pitched 2908, which rotated the appendage into a
feathered orientation along its entire span. In the twist-
ed rowing appendage, the base was not allowed to ro-
tate and, consequently, the appendage twisted along its
span during the recovery stroke. For both rowing mod-
els, the appendage rotated back to 08 pitch at the be-
ginning of the power stroke. The orientation of the
flapping appendage was fixed at its base but dynami-
cally twisted throughout the stroke cycle. For both the

twisted rowing appendage and the flapping appendage,
pitch amplitudes were optimized to find the peak me-
chanical efficiency (see below).

Forces on the virtual appendages were computed us-
ing a blade-element model. Blade-element models di-
vide a propulsive structure into a series of blade ele-
ments, divide the stroke cycle into a series of discrete
times, and compute a force balance on each element
at each time. The total force on the appendage at a
particular point in the stroke cycle is simply the sum
of the elemental forces. In the computer simulation,
the force on each blade element was modeled as the
sum of a combined vortex-bound circulation-skin fric-
tion force and an inertial force, which included only
an added mass, or acceleration reaction, component.

Two performance variables that are relevant to an-
imal locomotion were computed: mechanical efficien-
cy, h, and mean thrust, Tavg. An oscillating appendage
accelerates fluid in many directions but only the back-
ward component of the fluid acceleration is useful (re-
sulting in thrust). Therefore, only a fraction of the en-
ergy transferred from the appendage to the fluid is use-
ful; h, the ratio of useful work to total work, is a mea-
sure of this fraction. Animals that frequently engage
in high endurance behaviors, such as continuous for-
aging at intermediate to high speeds, active defense of
a territory, or migration, should use a stroke shape that
maximizes h. Efficiency is probably most important
for steady swimming. For maneuvering behaviors such
as forward accelerations, braking, and turning, Tavg is
more relevant because it is directly related to the force
available for a maneuver.

The initial results of the model (Walker and West-
neat, 2000) show that at Re . 100, flapping is more
mechanically efficient than both twisted and untwisted
rowing appendage regardless of swimming speed. In
contrast, a rowing appendage generates more thrust
than a flapping appendage at slow to intermediate
speeds. Importantly, at low forward speeds, the h dif-
ference, or premium, between rowing and flapping is
small but the Tavg premium is large. As speed increas-
es, the h premium increases while the Tavg premium
decreases and even reverses sign. The power required
to balance body drag, or parasite power, increases with
the cube of forward speed. This is important because
the increased energy savings of flapping at low speeds
may not offset the advantages of being able to generate
large forces for maneuvering. As speed increases,
however, the h premium becomes more important not
only because the premium itself increases, but also be-
cause of the high parasite power. The model predicts
that, in the absence of other constraints (such as the
need for lift or terrestrial locomotion), slow, maneu-
vering animals should row and fast animals should
flap.

Model predictions are informative only if the model
assumptions and simplifications do not seriously bias
the results. A comparison of the oscillating appendage
model at high Re (.100) with relevant rowing and
flapping physical models demonstrated that the virtual
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model predicts the major features of oscillating ap-
pendage performance, including measures of mechan-
ical efficiency, optimal twist amplitudes, optimal re-
duced frequencies and optimal Strouhal numbers
(Walker and Westneat, 2000). The usefulness of any
model lies in its ability to make predictions and ex-
plain variation. The results of the high Re experiment
were consistent with observed patterns of rowing and
flapping among many swimming animals (Walker and
Westneat, 2000) and correctly predicted the relative
swimming performance between closely related fishes
from the family, Labridae (Walker and Westneat,
2002).

A model of low Re rowing and flapping

In order to explore the performance of rowing and
flapping at low Re, we need a model of the change of
lift and drag coefficients with Re. Data from Thom and
Swart (Thom and Swart, 1940) were used to derive
the equations

21 21C 5 (1.86 1 13.75Re ) 2 0.5 · (1.74 1 3.86Re )D

3 cos(2a) 2 0.3
21C 5 (1.14 1 1.62Re ) · sin(2a)L

for 2-D (infinitely long) flat plates at angle of attack
a and Re , 10. At Re 5 200, CD and CL were com-
puted from a Fourier series fit to data representing the
forces on a 2-D flat plate seven chord lengths after an
impulsive start (Dickinson and Götz, 1993). For Re
between 10 and 200, the coefficients were linearly in-
terpolated between the two models (Thom and Swart,
1940; Dickinson and Götz, 1993). The 3-D coefficients
used in the high Re model (Walker and Westneat,
2000) include the influence of induced drag. The in-
duced velocity component was not included in this low
Re model with the result that the 2-D CL/CD ratios are
larger than their equivalent 3-D ratios at angles of at-
tack less than 248 and smaller than the 3-D ratios at
angles greater than 248. For each element at each point
in the stroke cycle, the input force coefficients were
based on the instantaneous Re in addition to the angle
of attack.

The low Re model was applied to rowing and flap-
ping appendages with a rectangular planform, aspect
ratio of 4, and constant forward speeds between 1 and
10 span lengths per second. For the rowing appendage,
The stroke angle was held constant at 1208 for the
rowing appendage but optimized over the range 408 to
1608 for the flapping appendage. The constant speed
may be somewhat unrealistic at the lowest Re ana-
lyzed, especially for the rowing stroke, because travel
speed can vary substantially between power and re-
covery strokes (Williams, 1994). A simple model with
the swimming speed varying in phase with appendage
angular velocity was explored but the results were not
sufficiently different to warrant inclusion in this study.

Importantly, no constraints were applied to the op-
timization. For example, parasite drag from a virtual

body was not modeled, hence the results reflect the
maximum performance of the appendages; to achieve
this, an animal would have to have a body with a drag
that balanced the mean thrust over the stroke cycle (In
all cases, the thrust produced exceeded the theoretical
drag that would occur on a spheroidal animal with
length equal to limb span and breadth equal to length/
4). Additionally, the optimization did not account for
the muscle power available for oscillating the append-
age at the optimal frequency and stroke angle.

Figure 3 shows the mechanical efficiency, h, as a
function of Re and advance ratio, J, which is the for-
ward speed standardized by flapping velocity (Elling-
ton, 1984). For comparison, Ellington (1984) defined
hovering in insects as J , 0.1. Typical J for forward
swimming at Re , 500 ranges from 0.1 to 0.6. One
exception is the remipede crustacean Speleonectes lu-
cayensis, which rows with multiple pairs of legs, each
at a Re of about 2 and a J . 1 (Kohlhage and Yager,
1994). Note that the Re for a stroke cycle was com-
puted by averaging over all blade elements and time
intervals. At low J, the averaged Re will be about half
the mean-flapping-velocity Re (those in Table 1) while
at high J, the averaged Re will approximate or even
exceed the mean-flapping-velocity.

Rowing and flapping appendages are able to gen-
erate thrust, as indicated by the positive h, at all Re
investigated. Re has a strong influence on h for both
rowing and flapping appendages, although its effect
diminishes with Re (the decreased slope cannot be ful-
ly appreciated on the logarithmic axis). J has a strong
influence on mechanical efficiency with the conse-
quence that the relative performance between rowing
and flapping is strongly dependent on the combination
of Re and J.

At the lowest Re, the root-rotating rowing append-
age does not enjoy a substantially higher h than the
twisted rowing appendage, a pattern predicted by the
change in CD,a590/CD,a50 with decreasing Re (Fig. 2).
Because the root-rotating rowing appendage is a better
model than the spanwise twisting rowing appendage
for animals swimming at low Re (with the possible
exception of Limacina retroversa), all further manip-
ulations of the rowing model used the root-rotating
geometry (see below for a description of the manip-
ulations).

The flapping appendage generated thrust with higher
efficiency than the root-rotating appendage at all Re
between 1 and 100 and J between 0.1 and 1 (Fig. 3).
To generate positive thrust throughout the range of ad-
vance ratios found in animals moving at Re , 100
(that is, J , 1), the flapping appendage must operate
above Re 10. Nevertheless, the quasi-steady flapping
appendage is effective down to at least Re 1. How can
the flapping appendage generate thrust at these low
Re? The answer is not surprising given the geometry
of the flapping stroke allowed by the simulation (Fig.
1C). The simulation modeled the ideal case where the
flapping appendages did not need to generate an up-
ward force to balance the weight of the animal. Given
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FIG. 3. The effect of Re and J on the performance, h (mechanical efficiency), of appendages that are flapping, rowing with reduced recovery
stroke span and area (RSA), rowing with reduced recovery stroke area (RA), rowing with root-rotating geometry (R-R), and rowing with
spanwise-twisting (S-T-) geometry.

FIG. 4. The rowing strokes of a dytiscid beetle and water flea,
Daphnia sp. The right-hand side of the figure illustrates the mid
power-stroke with extended limbs and erect swimming hairs while
the left-hand side illustrates the mid recovery-stroke with flexed
limbs and collapsed swimming hairs.

the vertical stroke plane, an optimal twist amplitude of
approximately 838 per unit span, and a small advance
ratio, most of the resultant flow at any point along the
span is due to the flapping component, with the result
that angles of attack are positive (nose up relative to
velocity vector) on the downstroke and negative on the
upstroke. Even with very small CL/CD, this geometry
produces net positive thrust (as long as J is very low)
(Fig. 1C). Importantly, however, the simulation sug-

gests an animal could not move very fast with a flap-
ping stroke at Re near 1, unless it could oscillate its
appendages rapidly, which should be limited by mus-
cle power.

The superior performance of the flapping appendage
is surprising and reflects two features of the model.
First, the lack of constraints on the optimal flapping
kinematics probably produced optimistic results for the
flapping appendage. Details of the effects of stroke
angle and pitch amplitude for the flapping stroke will
be presented elsewhere but, in general, strokes with
high frequencies, low stroke angles, and high pitch
amplitudes had the highest efficiency. This is not sur-
prising given that a high pitch amplitude directs the
resultant force more forward and a high frequency is
necessary to achieve positive attack angles on the
down stroke and negative angles on the up stroke.
These optimal kinematics require both a high pitch
magnitude and rate of rotation of the appendage, both
of which are limited by musculoskeletal constraints in
real animals. How these constraints limit performance
remains to be investigated.

Second, the key to rowing, especially at low Re, is
the ability of the appendage to generate more drag on
the power stroke than recovery stroke. Animals that
row at low Re create this asymmetry by greatly re-
ducing paddle surface area and limb span (which re-
duces mean tangential velocity) during the recovery
stroke (Fig. 4) (Nachtigall, 1974; Zaret and Kerfoot,
1980; Hessler, 1985; Fryer, 1991; Kohlhage and Yager,
1994; Vogel, 1994). In the water beetle, Gyrinus, ap-
pendage area is reduced 70 percent and the position
of the limb’s center of area from the limb base is re-
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duced 40 percent during the recovery stroke (Nachti-
gall, 1974). The ability to reduce area and span during
the recovery stroke is intimately associated with the
design of the propulsive limbs in small animals (Nach-
tigall, 1974). Importantly, both area and span reduction
are passive responses to fluid dynamic loads, which
makes this mechanism energetically cheap (Nachtigall,
1974).

To explore the effects of reduced appendage area on
performance, a simulation was run with the chord
length reduced by 50% during the recovery stroke. To
account for the rapid collapse of most of the paddle
surface area normal to the direction of appendage mo-
tion that occurs at the beginning of the recovery stroke
in small, rowing animals, I allowed the rowing ap-
pendage to instantly rotate into a feathered orientation.
The rotation into a broadside orientation at the begin-
ning of the power stroke was retained. In this experi-
ment, performance was reduced for the flapping ap-
pendage (results not shown), which is not surprising
since this geometry generates thrust on both strokes.
In contrast, h for the rowing appendage is substantially
improved at all Re and J. Nevertheless, the flapping
appendage is more efficient than the reduced-area row-
ing appendage at all Re and J.

To explore the combined effects of reduced area and
span, a simulation was run with the recovery stroke
chord lengths and span reduced 50% and 40%, re-
spectively. The reduced span was modeled not by sim-
ply truncating the appendage, which would also reduce
area, but by assigning the distal 40% of the appendage
the recovery stroke kinematics of the element that is
60% from the base. This effectively models an ap-
pendage that flexes at the 60% span point and trails
the distal 40% behind it (as in Fig. 4). As in the re-
duced area simulation, the rowing appendage instantly
feathered at the beginning of the recovery stroke.
Again, performance was reduced for the flapping ap-
pendage but greatly improved for the rowing append-
age (Fig. 3). With low advance ratios, flapping tends
to have higher performance than rowing, even at very
low Re. For example, at J 5 0.2, the efficiency of
flapping exceeds that of reduced-area-and-span rowing
when Re . 4. At J 5 0.4, this Re increases to about
8. At J 5 1, however, Re must exceed about 250 before
flapping outperforms rowing (not shown).

While the experimental simulation of the virtual
model suggests that rowing with reduced limb-span
and paddle area on the recovery stroke is more effec-
tive than flapping at low Re, there is not a specific Re
above which flapping is more effective and below
which rowing is more effective (the cut-off Re). In-
stead, the simulation shows that the cut-off Re is a
function of swimming speed. For hovering or swim-
ming with low advance ratios, the cut-off Re is around
5, while for swimming with high advance ratios, the
cut-off Re is around 250. With the exception of Spe-
leonectes, the animals in Table 1 are moving at Js less
than 0.6. The cut-off Re at J 5 0.6 is about 20. Despite

the simplicity of the model, a cut-off Re of 20 is re-
markably consistent with the available empirical data.

The model presented here does not include a num-
ber of factors that could influence the results, such as
appendage shape (Blake, 1981; Daniel, 1988; Combes
and Daniel, 2001), a squeeze force, the clap-and-fling,
rotational optimization and wake-appendage interac-
tions. Animals may generate thrust by closing a pro-
pulsive appendage against their body and squeezing,
or accelerating, fluid in a net backwards direction
(Daniel and Meyhöfer, 1989). At high Re (.1,000),
there is no evidence of a significant squeeze force con-
tributing to the force balance in the flapping appendage
of a bird wrasse (Walker and Westneat, 1997) or the
rowing appendage of a threespine stickleback (Walker,
1999). The clap-and-fling, in which instant high lift
results from the expanding, low pressure region be-
tween a pair of separating appendages (Weis-Fogh,
1973), is known to operate down to at least Re 32
(Spedding and Maxworthy, 1986). In addition to its
operation in some insects, it has been suggested that
the flapping mechanism in the pteropod, Clione lima-
cina, uses a clap-and-fling mechanism (Satterlie et al.,
1985). Rotational lift (Ellington, 1984), which results
from the circulation created by an airfoil’s own rota-
tion around a spanwise axis (Fung, 1993), has been
shown to be an important component in the force bal-
ance on model Drosophila melanogaster wings (Dick-
inson et al., 1999) and could potentially work at low
Re. While rotational lift was modeled, its contribution
to the force balance was not optimized. Future work
should attempt to find the lower Re limits of this im-
portant kinematic mechanism. Finally, Dickinson et al.
(1999) have shown that wake-appendage interactions
are important in the hovering flight of D. melanogaster
but the influence of this mechanism at higher J or low-
er Re has not been investigated.

OTHER MORPHOLOGICAL CORRELATES

Morphologies associated with rowing and flapping
illustrate many, beautiful evolutionary convergences.
Within many different molluscs, arthropods and chor-
dates, distally tapering, wing-shaped geometries are
characteristic of flapping appendages, while distally
expanded or paddle shaped appendages are character-
istic of rowing appendages. To reduce the relative loss
of energy at the appendage tips, flapping appendages
should present relatively high aspect ratios and taper
near the tip (Combes and Daniel, 2001), although the
optimal shape is probably highly dependent on Re. In
contrast, Blake (Blake, 1981) demonstrated that a tri-
angle with a proximal apex and distal base is the most
effective shape for rowing. Despite the relationship be-
tween appendage planform and dynamic shape, ap-
pendage planform is not strongly associated with Re
across a broad range of taxa because of the multiple
factors influencing the design of animal limbs (the
multiple functions and preferred swimming speed hy-
potheses outlined above). Within groups, there may be
stronger correlations between size and shape. Within
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FIG. 5. Wings, fins, legs, and feet of swimming and flying animals illustrating convergence across both phyla (molluscs, arthropods, and
chordates) and fluid media (air and water).

Hymenoptera, for example, wing aspect ratio decreas-
es and the center of area moves distally as size de-
creases (Danforth, 1989).

At high Re, paddle-shaped appendages are formed
from a continuous membrane but at low Re, the pad-
dle-shape is often formed by hair-like structures radi-
ating from a central shaft (Koehl, 1993; Vogel, 1994)
(Fig. 5). Remarkably, hairy appendages are not con-
fined to small, aquatic swimmers. Indeed, much of the
aerodynamically active surface of the wings of the
smallest insects, including members of the fairy flies
(Hymenoptera: mymaridae) and feather-winged beetles
(Coleoptera: Ptiliidae), is formed by hairs extending
from a narrow, central membrane. It has been sug-
gested that the smallest insects ‘‘swim’’ through air
with a downward power stroke and upward recovery
stroke (Thompson, 1917; Horridge, 1956; Bennett,
1972).

In response to fluid dynamic forces, the hairs on
appendages are erect during the power stroke but col-
lapse during the recovery stroke, with the result that
the area and mean velocity of the appendage is much
greater during the power than recovery stroke (Nach-
tigall, 1974). Using both mathematical and physical
models, Koehl (Cheer and Koehl, 1987; Koehl, 1993;
Loudon et al., 1994) has shown that hairy appendages
function as solid surfaces at Rehair , 1022 but are leaky
at Rehair . 1, where Rehair is based on hair diameter
instead of chord length. Appendage hairs, then, pro-
vide an elegant, passive mechanism to reduce forces
on the recovery stroke at low Re. Minute flying insects
and the many swimming invertebrates within a certain
size range can take additional advantage of this change

in the fluid mechanical properties of a hairy append-
age. In fast forward motion, the peak velocities ex-
perienced by a rowing appendage, and the associated
Re, are much less on the power stroke than on the
recovery stroke. For example, an appendage that is 10
mm long, with hairs that are 2 mm long and 2.5 mm
in diameter, oscillating at 5 hz through a stroke angle
of 1208, and attached to a body that is moving at 23
cm/sec will have maximum chord Re of 800, a max-
imum recovery stroke Rehair of 0.8 and a maximum
power stroke Rehair of 0.05. Because the hairs are func-
tioning in the critical Re range in this example, the
hairy appendage should act like a solid paddle on the
power stroke but a leaky paddle on the recovery
stroke.

CONCLUSION

The combination of high viscous and low inertial
forces challenges animals swimming or flying by os-
cillating appendages at Re , 100. The simulation ex-
periment described here demonstrates the strong effect
of Re on the mechanical efficiency of both rowing and
flapping appendages at Re between 1 and 100. While
the virtual model used in this paper is computationally
trivial, it can easily accommodate features that were
not explored in this study, including non-uniform
swimming speeds, paddle leakiness and the squeeze
force. Future work with the model should not only
account for these features, but also the power limita-
tions of wing, fin, leg and foot muscles. Despite the
simplicity of the model, the results predict (or retro-
dict) both the exclusive use of a rowing stroke below
a cut-off Re of about 20 and the reliance of a reduced
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area and span during the recovery stroke of small row-
ing animals.
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